Deriving the formulas for strain components, we are assuming, that cross-section of a rod being rotated in space during deformation does not need to be perpendicular to deformed centroid line. This not a quite intuitive assumption allows for more compact and easier formulas for strain tensor or equilibrium equations. Derived transformations between actual and initial coordinate system, components of strain tensor and virtual works principle for investigated spatially curved beams of bisym metric cross-section are shown in Ibis paper.
INTRODUCTION
Most of the finite element formulations are concerned with rods where centre of gravity and shear centre coincide, which happens most frequently in practice. The problem of coupled bending torsion deformation of beams has been studied theoretically, e.g. Reissner [2, 3] . Simo, Vu-Quoc [8] incorporated torsion-warping deformation and the associated finite element formulation with finite rotations. Gruttmann et al. [9] developed elastoplastic analysis of the finite element formulation of a three dimensional eccentric space curved beams with arbitrary cross-section including warping, where the strain measures were derived by exploitation of the Green-Lagrange strain tensor. Battini and Pacoste [1 0] presented the formulation of 3D eo-rotational beam elements for the non-linear and stability analysis of frame structures, pointing differences related to warping effects and parameterization of finite 3D rotations and the other is related to warping effects. Saleeb et al. [13] and Kim et al. [12, 13] showed effective formulation of spatial buckling of thin-walled frames employing second-order approximation of finite rotations. Reissner presented [6] computational model of spatially curved solid rod valid in range of small rotations of the rod's section. Improved displacement field of curved beams, obtained by considering the second-order terms of finite rotations was presented by Saleeb and Gendy [13] , Hu et al. [14] . Pi, Trahair presented flexuraltorsional buckling of circular arches [17] and non-linear behavior of elastic circular arches [19] . In case of spatially curved beams things are much more complicated comparing to planar curvature cases [15] .
For open-section beams made from isotropic material we assume Bernoulli hypothesis, shear stresses coming from bending and warping are ignored, only those due to St.Venant torsion are considered. Formulas for components of strain tensor and equilibrium for beams curved in space shown in Abaqus theory manual [5] were employed. This general formulation originating in deformation gradient of spatially curved, thin-walled beams allows for derivation of practically any engineering theory of thin-walled beams presented in quoted references.
There are, however, two essential differences between theory shown in Abaqus [5] and other engineering theories:
instead of finite rotations we are dealing with second order approximation of finite rotations in many of these theories it is assumed Bernoulli hypothesis and shear stresses coming from section warping are neglected
KINEMATICS AND STRAINS OF THIN-WALLED ROD
A beam with reference configuration according to Figure 1 is considered. Although in general case centroid G and the centre of shear S are independent, for bisymmetric cross-section considered in the presented work they coincide. The first considered system is curved and twisted spatial material reference system T i tied to cross section of rod before deformation. The system is built by assuming first, that unit vector T 1 is aligned to tangent to reference centroid curve of the rod's sections (further the reference curve is identified with the axis of the rod, S is arc-length coordinate along the curve, before deformation). Two mutually perpendicular base vectors T 2 , T 3 then lie in plane perpendicular to the reference curve and coincide with two principal axes of the cross-section.
The second local (actual) system is moving system t i tied to the deformed section. Note, that in general, the vector t 1 does not need to be tangent vector of the deformed reference curve.
Transition between the initial and actual basis due to rotation of deformed section can be written using orthogonal transformation:
Position vector of any material point M(S, X 2 , X 3 ) in cross-section of thin-walled rod in undeformed configuration may be shown as:
Displacement due to warping of the twisted section is defined in direction of versor t 1 as product of unknown warping amplitude p(S) and given warping function ω(X 2 , X 3 ). Consequently, position vector of any material point M(S, X 2 , X 3 ) in cross-section of thin walled rod after deformation is given as:
Position vector of points on reference curve is designated as R(S) for initial configuration and r(S) for actual configuration. In initial, undeformed configuration with basis [T 1 , T 2 , T 3 ], we have: Similarly, in deformed configuration with basis [t 1 , t 2 , t 3 ]:
Reissner [6] uses the formula (2.6a) directly, while in ABAQUS theory [5] approximation: s t # 1 is used, where s is tangent vector to reference curve in deformed configuration given as:
where: λ denotes the axial stretch and length of vector.
Considering the above, we obtain:
Please note, however, Abaqus theory makes use of the following assumption:
but for λ≈1 we can assume with enough accuracy lnλ≈λ-1.
Axial strain is given as:
In case the terms coming from Wagner's effect are averaged for the whole section, axial strains can be expressed with following formulas (2.10): (Fig.1): A -cross-section area, I 22 -principal moment of inertia about axis 2, I 33 -principal moment of inertia about axis 3.
Shear strains are split as follows:
Similarly, for total warping, there is distinction made for free (b-B) and constrained warping (p w ):
In Abaqus [5] the equation (1) is considered with respect to quaternions algebra, while common engineering approach is to use approximations of some kind: (2.14)
In above equation (2.14) Einstein summation notation is used.
Particularly, one can find the formula tor transformation [C ij ] given in [16] by Van Erp et. al: 
INTERNAL VIRTUAL WORK AND DEFINITION OF STRESS RESULTANTS
Generalized internal forces, in case of isotropic material may be given as:
In the above equations: E,G -Young's and shear modulus, I w -warping constant.
The total torque moment T, relative to the centroid of the section: 
EXTENSIONS OF REISSNER'S MODEL [6]
The original approach of Reissner's model [6] is to employ the differential equations of equilibrium of internal forces and other parameters of basis vector transformations as well. Basis of extension of mentioned Reissner's formulation is to take into consideration also the warping of the section.
The basic approximation (2.15) is to use simple estimation of trigonometric functions:
It leads to following transformation: 
These are equal to expressions (21abc) of [6] (with denotation:
We will show the updated position vector of reference curve r(s) during deformation expressed in terms of displacements in basis T i :
ON FINITE DEFORMATIONS OF SPATIALLY CURVED BISYMMETRIC THIN-WALLED RODS
On basis of (4.4) the following can be written:
Substituting (4.5) and (4.6) into (2.6bc):
Generalized axial strains can be determined using (2.8), and making appropriate substitutions from (4.5, 4.6) into (2.7b) and then into (2.8):
PI, TRAHAIR, BRADFORD MODEL [19, 20]
On basis of above we can demonstrate that transition to approach shown in Pi, Bradford [20] is possible. In our model we are assuming transformation matrix, which takes into account finite rotation angles (2.15). On such basis we are able to determine generalized strains (2.5). Moreover we are neglecting the shear strains coming from warping (p w =0), which leads to relationship p=b.
Assuming B=0, K 2 =1/R, K 3 =0 (no initial twist, beam curved in plane) and making substitutions into (4.6) we have:
Considering Bernoulli hypothesis: s=t 1 .
The unit vector s, tangent to reference curve after deformation and unit basis vector t 1 can be derived as:
Comparing corresponding components in equations (5.2ab) we have:
3) into (2.15), then into (2.14, 2.5) and finally into (2.10a) it can be written:
This conforms to equation (6) [20] . The only difference is in the last part of expression of (5.4), which describes the Wagner's effect. In reference work of Pi, Bradford [20] it is not averaged for the cross-section, this, however is important only for substantially big rotations (Rosen [21] ). In case of 1/R=0 the above formula simplifies to the one for straight rod [17, 18] . Taking into account Bernoulli hypothesis leads to simple relationships only in case of circular arches. If initial curvatures are dependent on S arc-length coordinate, the formulas become very complicated [15] . It is due to fact, that in equation (4.3) we have to deal with derivatives of θ 2 (S), θ 3 (S), and judging on equations (5.3) and (4.6bc) calculation of these derivatives in case, where B, K 2 , and K 3 are functions of S, makes expression of equilibrium equations very complicated and for incremental approach, suitable for finite element formulation even more complex.
CONCLUSIONS
Contrary to appearances, variational formulation of the problem of spatially curved beams shown in Abaqus is very clear, what is confusing is merely the way it's dealing with finite rotations. On the other hand, formulations derived on basis of Bernoulli hypothesis usually lead to complicated formulas [15] , so the promising idea seems to develop the one presented in [5] (Abaqus theory), choosing the right (second-order) approximations. Further the finite element method can be implemented -this is subject of consecutive works. 
LIST OF FIGURES AND TABLES:

STRESZCZENIE:
W pracy przedstawiono geometrycznie nieliniową teorię wstępnie skręconych i zakrzywionych pryzmatycznych prętów cienkościennych o bisymetrycznym przekroju poprzecznym. Jest ona modyfikacją teorii przedstawionej w Abaqus Theory Manual [5] . Polega na zastąpieniu teorii [5] uwzględniającej, że w trakcie deformacji mogą wystąpić skończone obroty przekroju poprzecznego, inżynierską teorią ograniczoną do małych obrotów (ok. 0,3 rad). W konstrukcjach budowlanych, stan graniczny użytkowania wyklucza w praktyce pozostałe przypadki. To uproszczenie sprawia, że możemy sformułować inżynierską teorię, otrzymując wyniki zbliżone do otrzymanych w programie Abaqus [5] .
Przedstawiono zmodyfikowane wzory na składowe odkształcenia Greena-Lagrange'a wstępnie skręconego i zakrzywionego w przestrzeni pręta cienkościennego przyjmując założenie, że 1) przekroje poprzeczne podlegające obrotom w przestrzeni w trakcie deformacji, nie muszą pozostawać prostopadłe do krzywej wyznaczonej przez środki ciężkości, 2) deformacja paczenia jest opisana przez niezależną od kąta skręcenia funkcję paczenia [5] . Do opisu obrotów przekroju poprzecznego wykorzystano aproksymację rzędu drugiego (2.15, 4.2). Prezentowane sformułowanie pozwala na wyprowadzenie praktycznie każdej z inżynierskich teorii prętów o przekroju cienkościennym przedstawionych w cytowanej literaturze problemu. 
